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Abstract. We prove the existence of extremal domains for the first eigenvalue of the Laplace- 
Beltrami operator in some compact Riemannian manifolds of dimension n > 2, with volume close 
to the volume of the manifold. If the first (positive) cigcnfunction 0o of the Laplace-Beltrami 
operator over the manifold is a nonconstant function, these domains arc close to the complement 
of geodesic balls of small radius whose center is close to the point where <^>o attains its maximum. 
If (f>o is a constant function and n > 4, these domains are close to the complement of geodesic 
balls of small radius whose center is close to a nondegenerate critical point of the scalar curvature 
function. 

1. Statement of the result 

Article [7] is a first study on the possibility to construct extremal domains for the first eigen- 
value of the Laplace-Beltrami operator in a Riemannian manifold. In that work are introduced 
all basic definitions and properties of extremal domains for the first eigenvalue of the Laplace- 
Beltrami operator, and the examples of domains obtained have small volume. In this article 
we will give an existence result for extremal domains of great volume in a compact riemannian 
manifold. We will be interested in domains obtained by taking the complement of small domains 
contained in the interior of the manifold: M\0, where fi has a small volume and C M. For 
the sake of completeness, we start recalling the basic facts of extremal domains (for other details 
see [7]). 

Assume that we are given (M,g) a compact n-dimcnsional Riemannian manifold, n > 2, with 
or without boundary dM. In the case dM ^ 0, then dM is supposing to be an n— 1-dimcnsional 
Riemannian manifold. Let f2o be a domain in the interior of M and let us consider the domain 
M\O - 

Definition 1.1. We say that {M\51 t } tg (_ to to ), fl t f= M, is a deformation of M\£lo if there 
exists a vector field S (such that E.(dM) C dM ) for which M\Clt = £(i, M\fio) where £(t, ■) is 
the flow associated to S, namely 

^(t,p)=S(f(t,p)) and £(0,p)=p. 
The deformation is said to be volume preserving if the volume of M\fl t does not depend on t. 

Let us denote by At the first eigenvalue of — A 5 on M\f2t with Dirichlet boundary condition 
on d£lf In the case where dM ^ 0, then we ask also one of the following boundary condition : 
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(1) Dirichlct boundary condition on dM, or 

(2) Neumann boundary condition on dM . 

We will suppose the regularity of dM, Observe that both 1 1— > At and the associated cigcnfunction 
t i ► Uf (normalized to have L 2 (M\Sl t ) norm equal to 1) are continuously diffcrentiablc. 

Definition 1.2. A domain M\Qq is an extremal domain for the first eigenvalue of — A g if for 
any volume preserving deformation {M\Q t } t of M\CIq; we have 



According to the condition taken at the boundary (if the boundary is not empty) we will talk 
about extremal domains under the Dirichlet boundary condition at dM or extremal domains 
under the Neumann boundary condition at dM. Let 4>q be the first eigenfunction of the 
Laplace-Beltrami operator over the manifold M 

(1) A 9 0o + A o 0o = in M 

with Dirichlct or Neumann boundary condition (if dM ^ 0), normalized to have L 2 -norm 
equal to 1. Here Ao is the first eigenvalue of — A g on M. If the volume of £1 is very small, it is 
natural to expect that the first eigenfunction of the Laplace-Beltrami operator over M \ f2 will 
be close to 4>o. We remark that we have to distinguish two cases of behaviour of 4>q (and then 
also of the first eigenfunction over M \ Q), according with the condition at the boundary : 

• CASE 1 . If dM ^ and </>o satisfy the Dirichlet condition on dM then <fi is a positive 
non constant function, and then attains its maximum in at least a point of the manifold, 
say at p . Moreover A > 0. 

• CASE 2. If dM = 0, or if dM ^ and O satisfy the Neumann condition on dM, then 
<po is a constant function 

1 

and Ao = 0. 

When we will consider the first eigenfunction of the Laplace-Beltrami operator over M\Q, where 
Q C M, we will take at dM the same boundary condition of 4>q, distinguishing always the two 
cases. 

For all e > small enough, we denote by B e (p) C M the geodesic ball of center p £ M and 
radius e. We denote by B e C K™ the Euclidean ball of radius e centered at the origin. 

Now we can state the main result of our paper : 

Theorem 1.3. In the CASE 1 assume that po is a nondegenerate critical point of the first 
eigenfunction <po of the Laplace-Beltrami operator over M, and in the CASE 2 assume that pa is 
a nondegenerate critical point of Seal, the scalar curvature function of(M,g). In the CASE 2 we 
will assume also n > 4. Then, for all e > small enough, say e € (0, eo), there exists a smooth 
domain tt t C M such that : 
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(i) The volume of £l e is equal to the Euclidean volume of B e . 

(ii) The domain M\Q e is extremal in the sense of definition l 1 . 2\ 

Moreover there exist a constant c > and for all e € (0, eo) there exists p e £ M such that the 
boundary of fi c is a normal graph over dB £ {p e ) for some function w e , with 

dist(p e ,p ) < ce . 

and 

ll w e|lc 2 °9B e (p E )) < ce2 m the CASE 1 and n > 3 

ll w e||e 2 ' Q 9B £ (p E )) < ce 2 l°ge i n the CASE 1 and n = 2 
||w ; e||c 2 °aB e (p E )) < ce 3 in the CASE 2 and n > 5 

ll u; e||c 2 ' Q 9B e (p E )) < ce ' 3 l°g £ hi the CASE 2 and n = 4 



We remark that the theorem do not give any information in the CASE 2 for the dimensions 
2 and 3. In fact our methode to prove the main theorem is based, for the CASE 2, on the 
approximation of some Green function to the first eigenfunction of the Laplace-Beltrami operator 
outside a perturbed ball. When the dimension of M is at least 4, we are able to compute the 
first coefficients of the local expansion of that Green function and this allows us to obtain the 
estimations we need. But for the dimensions 2 and 3, global terms depending on the manifold do 
not allow us to obtain a local expansion of that Green function. This is the reason for which we 
didn't obtain information on extremal domains of big volume in the CASE 2 for the dimensions 
2 and 3. 

2. Characterization of the problem 

In order to prove our theorem we need the following result that caracterizes extremal domains 
of the form M\Q in a Riemannian manifold M. The following result gives a formula for the first 
variation of the first eigenvalue for some mixte problems under variations of the domain. 

We have the : 

Proposition 2.1. The derivative oft i — ► A t at t = is given by 

^|t=o = - [ (.9(Vii ,^o)) 2 g(S,i/ )dvol 3 , 

at Jdflo 

where dvol g is the volume element on dflo for the metric induced by g and v>q is the normal vector 
field about <9f2o- 

Proof : We denote by £ the flow associated to 2. By definition, we have 

(2) u t (at,p)) = o 

for all p G <9Slo- Moreover, if we take the Dirichlet boundary condition on dM then equation 
@ is valid also on dM . On the other hand, if we take the Neumann condition on dM then we 
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have 

(3) g{VuMt,p)),v t ) = Q 
for all p £ dM, where v t is the unit normal vector about dM . 

Differentiating @ with respect to t and evaluating the result at t = we obtain 

dtu = -g(Vu ,E) , 

on dflo- Now uq = on <9f2o, and hence only the normal component of S plays a role in this 
formula. Therefore, we have 

(4) d t u = - g(Vu , v a ) g(S, v Q ) , 

on OQq. The same reasoning is also valid on dM if we take the Dirichlct boundary condition 
on dM. In this case, by the fact that S(dM) C T(dM) we have 

(5) d t u = 

on dM. On the other hand, if we take the Neumann condition on dM then taking a system of 
coordinates x — (xi, x n ) such that v t — ~d x o on dM and differentiating (J3]) with respect to t 
and evaluating the result at t — we obtain 

(6) = -d x od t u - g(Vd x ou , 3) = -d x od t u = g{Vd t u , v ) 

on dM, where we used the fact that v t don't depend on t on dM together with the facts that 
d x ou = on dM and that g(E, u ) = in dM because 3(dM) C T(dM). 

We differentiate now with respect to t the identity 

(7) A g u t + X t u t = 0. 
and again evaluate the result at t = 0. We obtain 

(8) A g d t u + X d t u Q = -d t \o u , 

in fl . Now we multiply ([8]) by u and 0, evaluated the result at t = 0, by <9 t Mo, subtract the 
results and integrate it over Qq to get : 



<3 t Ao / wgdvolg = / (d t u A g u - u A g d t u ) dvol s 
Jq„ JM\n n 

(d t u ff(Vu , fo) - mo ff(V9 t Mo, ^o)) dvol ff 



dMUdQo 

(d t u 5(Vm , ^o) - u g(Vd t u Q , v )) dvol g 
(dtU g(Vu ,vo) - u Q g(Vd t u , is )) dvolg 

dM 



on 



(s(Vu ,f )) 2 3(3,^o) dvol 3 
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where we have used (J4j), ([5]) or (J6]), the fact that uo = on dfio, and the the fact that uq = or 
g(Vuo, uq) — on dM to obtain the last equality. The result follows at once from the fact that 
uq is normalized to have L 2 (f2o) norm equal to 1. Observe that in the previous argument dM 
can be empty. □ 

This result allows us to characterize extremal domains for the first eigenvalue of the Laplace- 
Bcltrami operator under some particular mixte boundary conditions, and state the problem of 
finding extremal domains into the solvability of an over-determined elliptic problem. The proof 
of the following proposition is a consequence of the previous result; because it is very similar to 
the proof of Proposition 2.2 in [7] we don't report it here. 

Proposition 2.2. Given a smooth domain CIq contained in the interior of M , the domain M\Qo 
is extremal if and only if there exists a constant Xq and a positive function u$ ( if dM ^ then 
we take Dirichlet (CASE 1) or Neumann (CASE 2) boundary condition on dM) such that 

A fl Mo + Ao Mo = in M\f2o 

(9) { u = on dn a 

g(Vuo,Vo) = constant on 9Qq , 
where Vq is the normal vector field about d£l§. 

Therefore, in order to find extremal domains, it is enough to find a domain M\Qq (regular 
enough) for which the over-determined problem ([9]) has a nontrivial positive solution. In this 
article we will solve this problem to find solutions whose volumes are close to the volume of our 
compact manifold. 

3. Rephrasing the problem 

Following the approach of [7], we introduce the following notation. Given a point p € M we 
denote by E\ , . . . , E„ an orthonormal basis of the tangent plane to M at p. Geodesic normal 
coordinates x := (re , . . . , x n ) € l n at p are defined by 

X(x) : kx,,;: fx>'^ 

We recall the Taylor expansion of the coefficients gij of the metric X*g in these coordinates. 
Proposition 3.1. At the point of coordinate x, the following expansion holds : 

(10) 9ij = % + i]T R ikj e x k x e + ^ Y, Rik »>™ xk x " x " 1 + ^N 4 )' 

k,£ k,i,m 

Here R is the curvature tensor of g and 

Rikji = 9{R(Ei,Ek)Ej,Ei) 

Rikjt-.m = g(^E m R(Ei,Ek) Ej,Ee) , 
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are evaluated at the point p. 

The proof of this proposition can be found in [11) or also in [5]. 

It will be convenient to identify M n with T p M and S*™ -1 with the unit sphere in T p M. If 
x : = 1 ,. ..,,x n ) € M n , we set 



e(x) :=^x l E t e TpM . 



Given a continuous function / : S n 1 h- 
locus of p) wc define 

(p) := {Exp p (e(x)) 



(0, oo ) whose L°° norm is small (say less than the cut 



: x£R n < \x\ < f(x/\x\)} . 
The superscript g is meant to remind the reader that this definition depends on the metric. 
Our aim is to show that, for all e > small enough, we can find a point p G M and a function 



: ST' 



such that 



Vo\B 9 e(1+v) (p) = e n VolBi 



and the over-determined problem 



in M\B° e(1+v) (p) 





(11) | = dBl [1+v) {p) 

giy^.v) = constant on dB^, 1+v ,(p) 

with Dirichlct (CASE 1) or Neumann (CASE 2) boundary condition on dM if dM ^ 0, has 
a nontrivial positive solution, where v is the normal vector field about 9B^, 1+ Jp). 

Observe that, considering the dilated metric g := e -2 g, the above problem is equivalent to 



finding a point p G M and a function v : S n 1 — > 

VolBf + » = 
and for which the over-determined problem 

Ag(t> + X<f> = 

(12) { 0=0 



I such that 
VolBi 



in Bf +V (p) 



on dB 9 l+v (p) 



g{W(j),v) = constant on dBf +v (p) 

with Dirichlet (CASE 1) or Neumann (CASE 2) boundary condition on dM if dM ^ 0, has 
a nontrivial positive solution, where v is the normal vector field about dBf, v (p). We can simply 
consider 



(naturally it will not have the norm equal to 1, but depending on e) and 
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In what it follows we will consider sometimes the metric g and sometimes the metric g, in order 
to simplify the computation we will meet. 



(13) 



4. The first eigenfunction of — A s outside a small ball 
We remark that the positive solution of the problem 

f A^ f +A e ^ £ = in M\BI(p) 
\ e = on dBI(p) 



with Dirichlet (CASE 1) or Neumann (CASE 2) condition on dM if dM ^ 0, normalized to 
have L 2 (M \ (p))-norm equal to 1, a priori is not known. In this section we will be interested 
in that solution. 

Let p £ M, let c be a constant, and let T p be a Green function over M with respect to the 
point p defined by 

(14) -(A g + A o )r p = c„(c5 p -0 o (p)0 o ) in M 

with Dirichlet boundary condition (for the CASE 1) or Neumann boundary condition (for the 
CASE 2) at dM if dM ^ 0,, and normalization 

r> dvoL, = 0, 

M 

where S p is the Dirac distribution for the manifold M with metric g at the point p, i.e. 

I S p f dvol g = f(p) for all / <= Cq°(M) and / S p dvo\ g = 1 
We remark that r„ exists because 

[S p - 0o b) 00 ] 0o dvol g = 0. 

M 

It is easy to check that for each dimension n of the manifold it is possible to chose the constant 
c n in order to have the following expansions in local coordinates x of T p in a neighborhood of the 
point p : 



for 


n 


= 2 


T p (x) 


= log |a;| - 


f a + g(b, x) + 0{\x\ a ) 


Va < 2 


for 


it 


= 3 


r p (x) 


= |x| _1 -l 


-a' + 0(\x\ a ) 


Va < 1 


for 


n 


= 4 


r p (x) 


= i^r 2 ^ 


-0(\x\ a ) 


Va < 


for 


n 


> 5 


r p (x) 


= \x\ 2 - n 


+ 0(|.t| 4 -™) 





where a, a' E R and b £ K n , and g(-,-) is the scalar product in 
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It is useful to consider the weighted space C*' a {M \{p}), defined as the space of functions in 
C k ' a (M \ {p}) such that, in the normal geodesic coordinates x around p, 



W u We^ a (u\{p}) := SU P M " M + SU P M V l Vu l + SU P \ x \ V l V u \ 
B Ro b R(i b Rq 

(15) Y7k„,t„\ Y7k„ 

+ sup \x\ k ~ v \V k u\ + sup sup R k+»-u 

Br 0<R<R o x,yeB R \B R/2 



V fe w(x) - y k u{y) 



\ x - y\ 



< CO. 



(16) 



where Rq is chosen in order to have the existence of the local coordinates x € Br . 

Let us consider <p s C^ Q (5 n_1 ), where m is meant to point out that functions have (euclidean) 
mean over S 1 " -1 , and let H v be a bounded harmonic extension of ip to 1" \ B\ : 

A S H V = in R n \Bi 

H v = ip on dB\ 

where g is the euclidean metric and we identified dB\ with S n ~ 1 . We have the : 

Lemma 4.1. The following inequality holds : 

ll- ff v( !B )llc»l" B CR»\Bi) < C l^llc2.°(5-i) 

for some positive constant c. In particular 

lim H v (x) = 0. 

\x\ — »-fOO 

Proof. Let us consider 

oo 
3=1 

the eigenfunction decomposition of ip, i.e. 

(17) A s »-i^ = -j(n - 2 + j) ^ 

It is easy to check that 

oo 

H v {x) = Y,\ x \ 2 ~ n ~ 3 ^ x l\ x \) 

3=1 

is the solution of (Tl7Jl). Let us fix x|. We have 



(18) \H v (x)\ < £ \x\ 2 - n - J \^(x/\x\)\ = Ixl 1 "" |^(x/|x|)| + ]T \ x \ 2 ~ n - J \<Pj{x/\x\)\ 

3=1 3=2 

Let us try to estimate ||¥ J j||i oo (s»- 1 )- From (jTTJ) we have 

||^|| W afc,2( S »-i) < c/' (n - 2 + j) fe ||^|| L3(g „-i) 
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and by the Sobolev embedding theorem we have that W 2k ' 2 (S n ~ 1 ) C L 00 (S' n_1 ) when 4k > n— 1. 
We conclude that there exists a positive number P(n) depending only on the dimension n such 
that 

II^IU~(s—i) < c i p(n) II^jIU^s"- 1 ) 

Moreover 

||^lli»(Sn-l) < Mh(S^) < VOIDS'"- 1 ) ||v|li- (S n-l) 

and we can conclude that there exists a constant c such that 
From (fl8|) we get 



-3 ,'-P(«) 

J'=2 



It is easy to check that for x > 2 



Ew H J p(n) <<» 

and this allows us to conclude that for \x\ > 2 there exists a constant c such that 

(19) \H v (x)\ ^cIiI^UvjIIl-cs-i) 

By the maximum principle this inequality is valid also for 1 < |a;| < 2. Standard elliptic estimates 
apply to give also 

(20) \VH v (x)\ <c\x\- n \\tp\\ L - {S "-i) 
Finally, (fT9|) and (|20|1 give the following estimate 

||-ff v (s)|| C J._« B (R»\B 1 ) < c|^|| C 2,«(S"-i) 

for some constant c. From ([TO)) it is clear that 

lim H v (x) = 0. 

|a;| — >+oo 

This completes the proof of the Lemma. □ 
Let us define a continuous extension of H v to R" in this way : 

for \x\ < | 



(21) H v {x) = \ (2\x\-l)H v (^) for ± < \x\ < 1 

ff^x) for K n \ Bi 



and let us denote 



(!) 
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and 



(?) 



Let x be a cutoff function identically equal to 1 for \x\ < Ro << 1 (Ro is chosen in such a 
way that B 9 R (p) belongs to the x-coordinate neighborhood of p) and identically equal to in 

M\B a 2Ro (p)° 

The main result of this section is the following : 

Proposition 4.2. Let us suppose n > 3 and v G (2 — n,min{4 — n, 0}). For all e small enough 
there exist (A e , y e , w e ) in a neighborhood of (0, 0, 0) tnlx C 2 j Q (S"" _1 ) x C^' a (M \ {p})) such that 
the function 

(22) <f> t - <f> - e"" 2 (0o (p) + A 6 ) r p + iu e + X H Ve:t 
(considered in M \ Bf(p)), is a positive solution of \1S\) where 

(23) A = A + e"- 2 fi 
with 

(24) Li = c n Mp) 2 +0(e). 
Moreover the following estimations hold : 

• If 4>o is not a constant function (CASE 1) then there exists a positive constant c such that 

|A e | + ||v 6 |li»( S »-i) <ce and Klb<* (M \{ P }) < c (e 2 "" 4 + e™ + e 3 ^) 

• If 00 * s a constant function (CASE 2) then there exists a positive constant c such that 

l A e| + II^IIl- ( s"-i) ^ ce ifra = 3 

|Ae| + lb«llioo ( s»-i) < ce' 3 V/3 < 2 if n = 4 
|Ae| + ||v e || £ a. cs »-i) < ce 2 ifn>5 

and 

\\ w e\\cl'"{M\{ P }) ^ ce2 ifn = 3 

lke|| c2 .« (MUp}) < c (e 4 + e 3 ^) V/3 < 4 if » = 4 

IKIb« (AAW) < c (e 2 - 4 + e 1+ " + e 4 ^) if n > 5 
Proof. First we prove that 

(25) A - A = 0(e n - 2 ). 
By definition 

|V 9 u| 2 dvol 



(26) A = min 



M\B°(p) 9 



ueHh(M\Bl(p)) I , (2 
Af\Bf(p) 



x~ dvol 5 
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Let us consider a sequence of functions Uj G Hq(M \ Bf(p)) converging to the function 

in M\B 9 2 M 



h 

It is easy to check that 

u 2 dvoL,= / <t> 2 dvol 9 + 0(e n ) 



J 

J M 



lM\Bf(p) JM 

while 

/ |Vu»| 2 dvoL, = f |V0o| 2 dvol 9 + O(e™- 2 ) 

then, from the last two relations and (f2"u]l . it follows ([23]) . This allows us to search A in the form 

(27) A = A + e™- 2 \x 

where /i = o(l). 

Let us chose e in the form 

e = 0o - e n - 2 (0 o (p) + A) T p + w +xH v , e 

for some (A, (p, w) 6lx C^S" 1 " 1 ) x C 2 < Q (A/ \ {p}). Then £ satisfy the first equation of (HD 
over M\Bf (p) , with A as in ([2T]) , if and only if : 



(28) 



A 9 + Ao + 6"- 2 /i w + £"~ 2 



M — c n 4>o (p) (</>o (p) + A) o +i? v , £ A 9 x+ 

+ X A 9 ^,, + 2V9^ e V9 x -e 2 "- 4 M (0o(p)+A)r p + (A o + e"-V)x^^ = 
over M \ B g t (p). This equation can be considered over M \ {p} if we take -ff y , e instead of if v , e , 
and a continuous extension A g H^ £ of the function A g H v ^ e (similarly to the continuous extension 

H v , e of the function H Vt<i ). Remark that the term V 9 H iPte V 9 x is in a neighborhood of dB^(p) 
then can be extended to in £?f (p). 

We need the following : 

Lemma 4.3. Let n > 3. The operator 

(A g + A + e- 2 /x) : C^M \ {p}) — C°l« JM \ {p}), 

where the subscript J_ is meant to point out that functions are L 2 -orthogonal to 0o and the 
subscript is meant to point out that functions satisfy the Dirichlet (in the CASE 1) or 
Neumann (in the CASE 2) boundary condition on DM if dM ^ 0, is an isomorphism for v G 
(2 — ra, 0) and e small enough. 

Proof. Let us suppose that v G (2 — n, 0) and n > 3. In [?] is proved that for all / G 
C^ 2 (-Bi \ {0}) there exists a unique solution u G C 2 ' a {B\ \ {0}) of 

A g u = f in Bi\{0} 



(29) 



u = on dB\ 
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Now let us consider the operator A g + Ao. Let Rq small enough, take the normal geodesic 
coordinates in B Ra (p), and let / G C V '" 2 (M \ {p}). Considering the dilated metric Rq 2 g, the 
parameterization of B g R (p) given by 



Y(y) :=Ex P s ^i? 



and the ball B\ endowed with the metric g = Y*(R g), the problem 

( (A g +X )u = f in B Ro \{p} 

\ u = on dB% 

v no 

is equivalent, in terms of existence and unicity of solutions, to the problem 

(A § +R 2 X a )u = Y*f in B x \ {0} 

u = on dB\ 

Considering that the difference between the coefficients of the metric g and the metric g can be 
estimate by a constant times Rq, the operator Ag + R^ X is a small perturbation of the operator 
Ag when R is small. By the previous claim, we conclude that there exists a positive Rq (small 
enough) such that, when v G (2 — n, 0) and n > 3, for all / G C°^* 2 (M \ {p}) there exists a unique 
solution u G Cl' a {B 9 Ro \ {p}) of 

| (A ff +\o)u = f in BSo\{p} 

\ u = on dBf^ 

Let now consider the solution of 
(30) (A 5 +A )« = /-(A ff + A )(xu) 

with Dirichlct boundary condition at dM, where X is a cut-off function equal to 1 for \x\ < Ro/2 
and equal to for \x\ > i?o- We remark that this equation is well defined in M, because the 
singularity of / at p is balanced by (A 9 +Ao) (x u). Moreover the right hand side term is orthogonal 
to 0o if / has such a property. Hence, there exists a solution v G C^'q(M) to (|30|). and we have 
that 

(A g +X )(xu + v) = / 

in M\{p}, with Dirichlct condition at dM. Obviously w = \ u + v £ C v '± (M \ {p}). We proved 
then that for v G (2 — n, 0) and n > 3 and for all / G C"l" 2 jJ-A/ \ {p}) there exists a unique 
solution w G C 2 '°[(M \ {p}) of 

(A g + Ao)w = / 

in M \ {p} with Dirichlct at dM. This result is still true for the operator A g + Xq + e n ~ 2 v when 
e is small enough, because such an operator is a small perturbation of the operator A g + Xq. The 
raisoning done do not change if we consider the Neumann boundary condition on dM instead 
of the Dirichlct boundary condition. This completes the proof of the Lemma. □ 
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To semplify the notation let us define 

A := e n - 2 [jt - c n <t> (p) (<f> (p) + A)] O 

B := H V!e A gX + xKH Vte + 2Vm v , e W a x 
C := -e 2 "- 4 /z(<^o(p)+A)r p 

D := (X Q + e n - 2 fx) X H tp , ( 
We remark that T p e C U '" 2 (M \ {p}) if f < 4 — n. Equation (|28|) . extended to M\{p}, becomes 

(A s + A + e"- 2 fj,)w = -(A + B + C + D) 
By the last result, if we chose /i in order to verify 

(31) f (A + B + C + D)(f> = 

there exists a solution iy(e, A, tp) 6 C„'" (M \ {p}) to equation |28p for 

v € (2 — n, min{0, 4 - n}) , 
for all AeK, for all tp G (^"(S'" -1 ), and for all e small enough, and then 



<j) c = 0o + e™^ (<fo(p) + A) T p + iy(e, A, tp) + X H< 



<p,e 



with w(e,A,tp) restricted to M\B^(p), satisfies the first equation of (fTS"]) . From (|31| we get 



n-2 



Cn 4>o(p) (foip) + A) - B(f) -\ / xH^.e^O 

e"" 2 (l+ f X%,e<t>0 



It is easy to check that 



and 



M 



B(j> < ce™ 1 |MU°°(£r»-i) 



from which it follows the expansion of /i 



/ XH v , e (/)Q < Ce" 1 \\tp\\ L ao( S n- 

Jm 



(32) \i = c n MP) (Mp) + A) + 0(e) |M| L ~ Cflf ,,-i). 

We want now to give some estimations on the function w. By the previous results and Lemma 
14.11 we have the following estimations : 



\\ A \\c^ 2 (M\{p}) ^ C£ " l |MU~(S»-i) 
lc°L Q 2 (J\/\{p}) 



lc°f 2 (M\{ P }) < ce 2 " 4 
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• H^lk-(M\M) <c(e 2 - + e"- 1 ) |MU-(s»-i) 
In particular we get 

\\A + B + C + £|| C °.« 2( M\M) ^ c ( e2 "~ 4 + e " _1 Ml-(S^) + <?~ v IMU-^-)) 
This give us an estimation for the function w that we found before: 

We have proved the following : 

First intermediate result. Let v £ (2- n, 4 - n). For a/Z Ael, /or oH <p £ C^ Q (5 n_1 ), /or 
aZZ e small enough, there exists a function w(e 1 A, ip) S C 2 '" (A^\ {p}) si/cft i/ia< is a positive 
solution of the first equation of i!3\) . Moreover there exists a positive constant c such that 



(33) \H\c^(m\ {p} ) < c + ^ llvlU-(s-i) + ^ ■ 

Now we have to make attention to the second equation of (fT"3"|) . Let us define 

N(e,K,<p) := k(ey)-e n - 2 (0o(p)+A)r(ey) + ( W ( e ,A,^))(e 2/ ) + ^(y)l 

L J yes™- 1 

We remark that AT represents the boundary value of the solution of the first equation of (fl~3f that 
we found above, is well defined in a heighborhood of (0,0,0) in (0, +oo) x K x C^"(5 rl_1 ), and 
takes its values in C 2 ' a (iS' n_1 ). It is easy to compute the differential of N with respect to A and 
ip at (0,0,0) : 

(9 A AT(0,0,0))(A) = -A 

(0„Ar(0, 0,0)) 
From the estimation of the function w it follows that 

INU°°(9B?(p)) ^ e " \\ W Wcl' a (M\{p}) 

< c (£ 2 "- 4 +- + e n - 1+ » + e 2 |MU~(S-i)) • 

Then we can estimate Af (e, 0, 0) : 

||Me»0,0)|| ioo(SB _ 1) < -e ri - 2 0o(p)r(ea;)|| ioo(s „_ 1) + || (w(e, 0, 0)) (e x) || ioo(s „_ 1} 

Here we have again to distinguish the different cases, according on the behaviour of the function 
4>q. If (f>o is not a constant function (CASE 1) we have (using the expansion (|T5]) of T. p ) 

||JV(e,0,0)|| £oo(sn _ 1) <ce. 

The same estimate is obtained if 0q is a constant function (CASE 2) and n — 3. In the CASE 2 
and n ~ A wc get 

||JV( e> 0,0)|| LOO(s „- 1) <ce^ 

V/3 < 2 and when n > 5 : 

||Ar(e, 0,0)11^^) <ce 2 
The implicit function theorem applies to give the : 
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Second intermediate result. Let v £ (2 — n, min{4 — n, 0}), let w be the function found in 
the first intermediate result, and let e be small enough. Then there exist (A e , ip e ) in a neighborhood 
of (0,0) mix Clf L {S n - 1 ) such that N(e,k c ,<p e ) = (i.e. ^ is a positive solution of ffify). 
Moreover the following estimations hold : 

• If 4>q is not a constant function ( CASE 1 ) then 

l A f + ll^ellioo^n-l) < ce 

• If 4>o is a constant function (CASE 2) then 

l A e| + ||Ve|| i cx>( S f»-i) < ce ifn = 3 

|A £ | +lb«ll £ oo CS »-i ) <ce^ V/3<2 if n = 4 

|Ae| + ||v 6 |lioo(s»-i) < ce 2 ifn>5 

Putting together the first and the second intermediate result, we get the following exis- 
tence result: for all e small enough there exist (A e , (p e , w e ) in a neighborhood of (0,0,0) in 
K x C^iS"- 1 ) x C 2 - a (M \ {p})) such that the function 

(t>e = <t>0- e"~ 2 (MP) + A <0 Tp + W t +xH V€ , e 

considered in M \ B\ (p) , is a positive solution of (fl3|) where 

(34) A = A + e"- 2 fi 
and from (|43f we obtain 

(35) Li = c n Mp) 2 +0(e). 
Moreover : 

• If </>o is not a constant function (CASE 1) then there exists a positive constant c such 
that 

l A e + IIVe|lioo (s »-i) < ce 

and from (|33|) 

lk e || c ^ ( M\M))<c(e 2 "- 4 + e" + e 3 -) 

• If </>o is a constant function (CASE 2) then there exists a positive constant c such that 

l A e| + < ce ifn = 3 

l A e| + l|Ve|Loc (s »-i) < ce* 3 V/3 < 2 if n = 4 
l A e | + llv e ||£oo CS »-i) < ce 2 ifn>5 

and from (f3"3"|) 

ll^llc^°(j\/\{p}) < Cf2 ifn = 3 



b» ( , AM) <c(e 4 + e^) V/3<4 if n = 4 



Klb« ( , AM) < c (e 2 "~ 4 + e 1+ " + e 4 ^) if n > 5 
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This completes the proof of the result. □ 

For the case n = 2 we can generalise the previuos proposition, obtaining the: 

Proposition 4.4. Let we suppose n = 2 and v £ (0,1). For all e small enough there exist 
(A e , <p e , w e ) in a neighborhood of (0, 0, 0) in M x C^ a (5 n_1 ) x fpe C^ a (M \ {p})) , where x is 
some cut-off funtion equal to 1 in a neighborhood of the origin, such that the function 

(36) e = 0o - (0o (P) + A e )T p + u; e + xH Vc , e 
considered in M \ _Bf(p), is a positive solution of 113\) where 

(37) A= A + (loge)-V 
with 

(38) Li = c n Mp) 2 + 0(e). 

Moreover the following estimations hold : there exists a positive constant c such that 

\ A e\ + H^ellioc^-i) < ce and ||w e ||- MffiC 2,« (AA{p}) < ce 2 loge 

Proof. We will follow the proof of the previous proposition, adapting it to the case of dimension 
2. First we prove that 

(39) A-A <clog(e)- 1 . 

Let we consider a sequence of functions uj g Hq(M \ B^(p)) converging to the function 

f if log M in B ^(j>)\BI(p) 
[ 0o in M\B 9 Ro (p) 

where if is a constant chosen in order to make the function u„ continuous. It is easy to check 
that for e small enough 

/ ul dvol s =< c log(e) 2 

J M\Bf (p) 

while 

/ |Vii»| 2 dvol g < c log(e) 

J M\Bi{p) 

then, from the last two relations and (f2"u| . it follows (f3"9")h This allows us to search A in the form 

(40) A= A +log(e)-V 
where fi = o(l). 

Let we chose e in the form 

e = 0o - (log e) - 1 (0o (p) + A) T p + w + X H v>e 



EXTREMAL DOMAINS OF BIG VOLUME IN A COMPACT MANIFOLD 



17 



for some (A, ip, w) G K x C^S" 1 " 1 ) x C 2 ' a {M \ {p}). Then (f> e satisfy the first equation of [[IS]). 

with A as in (|40|) . if and only if the quantity 

(41) 

A g + A + (loge)- 1 fj) w + (loge)- 1 L - c„ o (p) (00 (p) + A) 



+ ff^ A 9 x+ 

+ X A^. e + 2 V^, e V^x ~ (log e)" 2 M (00 (P) + A) T p + (A + (log e)~ V) X 

is identically equal to over M\Bf!(p). This equation can be consider, after opportune extension 
of functions like in equation (|28|) . over M \ {p}. 



The operator 



(A 9 + A ) 



<Xo(^\M) 



C° V '\AM\{P}), 



where the subscript _!_ is meant to point out that functions are L 2 -orthogonal to 0o and the 
subscript is meant to point out that functions satisfy the Dirichlet (in the CASE 1) or 
Neumann (in the CASE 2) boundary condition on dM if dM ^ 0, and x is some cut-off funtion 
equal to 1 in a neighborhood of the origin, is an isomorphism for v G (0, 1). The same result 
holds for the operator 



(A 9 + A + (log e)" V) : X R © C±,o( M \ M) 



C 



0,a 



( M \{P})> 



when e is small enough. The proof of this fact can be obtained by comparison of the proof of the 
Lemma 14.31 and the analysis of the case of dimension 2 in [?] . 

To semplify the notation let we define 



A 
B 
C 
D 



■= (loge) 1 M - °n <£o (p) (0o (p) + A) 0o 

:= -(loge)- 2 M (0o(p)+A)r p 
:= (A + (loge)- 1 n)xH v , t 



We remark that T G C°'" 2 (M \ {p}) when v G (0, 1). Equation (gT|) becomes 

(A 9 + A + (loge)" 1 n) w = -{A + B + C + D) 
By the last result, if we chose [i in order to verify 



(42) 



f (A + B + C + D)<j> Q = 



there exists a solution w(e, A, tp) = + w y *> G x 



= + iy(2) ePffi Cl'XA M \ t0 C£ l uati0n © for 

^ G (0, 1), for all AeK, for all tp G Cl\ a (S n ^ 1 ) 1 and for all e small enough, and then 

e = 0o - (0o (p) + A) r p + u;(e,A, ip) +xH<p,e 



18 



PIERALBERTO SICBALDI 



satisfy the first equation of (fl~3|) . From (|42|) we get 



/' 



(loge) 1 c n 4>o(p) (<fio(p) + A) - / Bfo-Xo xH v ,e<t>o 

Jm Jm 



It is easy to check that 



and 



(loge)- 1 (l+ [ X H< 

\ B(f> < ce||^|| i0 o( S »-i) 
X-^W^o < ce ||^||z,o=( S »-i) 



I M 

from which it follows the expansion of fx: 

(43) n = c n 0o (p) (0o (p) + A) + 0( e loge) |MU~(s»-i . 

We want now to give some estimations on the function uu. By the previous facts and Lemma 
14.11 we have the following estimations : 

• ll A He°i" 2 (M\{ P }) <celoge|M| L oo Cflf »-i) 

• \\ B We ^ 2 (M\{p}) <ce\\cp\\ L oo iS n-i) 

• \\ C Wc°-« 2 (M\{ P }) <c(loge)" 2 

• W D \\c°^ 2 (M\{p}) < c{e + e 2 -' y ) IMU-^-i) 
In particular we get 

\\A + B + C + D\\cl^ { M\{ P }) < c ((!og £ )~ 2 + e loge |MU-(s»-i)) 

where we used the fact that for e small enough and v S (0, 1) we have e 2_l/ < e < e loge. This 
give us an estimation on the function w that we found before: 

+ lk (2) lb«(M\ M ) < c ((loge)' 2 + e log e IM^^-i)) . 
We have proved the following : 

First intermediate result. Let v e (0, 1). For all A G R, for all ip e C'^ l a (S n ~ 1 ), for all e 
small enough, there exists a function w(e, A, tp) = + £ xK. © C 2 '° (M \ {p}) such that 
( Iff 6')) is a positive solution of the first equation of U3\) . Moreover there exists a positive constant 
c such that 

x iu " (2)| Ic2- ( m\w) ^ c (( lo g e )" 2 + e lQ g e IMU~(s»-i)) 



Now we have to make attention to the second equation of (Ti~3"|) . Let we define 
N(e, A, := U (e y) - (log e)" 1 (0 o (p) + A) F(e y) + ( W (e, A, p)) (e y) + <p(y) 



yes™- 1 
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We remark that N represents the boundary value of the solution of the first of (fl3|) we found 
above, is well defined in a hcighborhood of (0,0,0) in (0, +00) x K x C^ a (S n ~ 1 ), and takes its 
values in C 2 > a (S n ~ l ). The differential of N with respect to A and <p at (0,0,0) is : 

(9 A iV(0,0,0))(A) = -A 

(VV(O,O,O))(0)=0. 
From the estimation of the function w it follows that 

IIHIz/»(9Bf(p)) < c ((logg)~ 2 + g loge |M|z,»(<j»-i)) 
Then we can estimate N(e, 0, 0) : 

ll^(e.0,0)|| £o . (5 „-i ) < \\Mty) - (loge)" 1 ^ob)r(6 2 ;)|| L=o(s „_ 1) + II (t«(e, 0,0)) (eyJU^^^j 
and we have 

||JV( C) 0,0)|| ioo(Sn _ 1) <ce 
The implicit function theorem applies to give the : 

Second intermediate result. Let v G (0, 1) and let w be the function found in the first 
intermediate result, and let e be small enough. Then there exist (A e ,<p e ) in a neighborhood of 
(0,0) is M x C^S""- 1 ) such that N(e,A e ,tp £ ) = (i.e. fS>J) is a positive solution of (W\)). 
Moreover the following estimation holds : 

|A £ | + 11^11^(^-1) <ce 



The two intermediate results complete the proof of the Proposition. □ 

Observe that, beeing the problem of finding eigenfunctions linear, we can consider as </> e in 
dimension 2 the following function 

4> t = loge [0 O - (loge)" 1 (0o (p) + Ae)T p + w e + X H Vc . f ] 

This will semplify our reasoning because that function, considered in the coordinates y = ex, 
converges, in a sense to be made precise, to the function — (f>o(p) log \y\ when e tends to 0. 

5. Perturbing the complement of a ball 

The following result follows from the implicit function theorem. 

Proposition 5.1. Given a point p G M , there exists eo > and for all e G (0, go) and all function 
v G C 2 '"^™- 1 ) satisfying 

||u|| C 3,a(5»-l) < g , 

and 

v dvob) = , 



there exists a unigue positive function = 0(g,p, v) G C 2,a (Bf +v (p)), a constant A = A(g,p, v) G 
and a constant vq — vo(e,p,v) G M. such that 

Vol 9 (B 9 t{1+v) (p)) = Vol 5 (i3 e ) 
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where v := vq + v and <j> is a solution to the problem 

A 9 </> + A0 = in M\B° (1+v) (p) 

= on dB° {1+v) (p) 
which is normalized by setting 



(44) 



(45) / (f> 2 dvol 9 = 1. 



M\B g <1+v) ( P ) 9 
In addition <p, A and vq depend smoothly on the function v and the parameter e. 

Proof : We begin by proving that given a point p G M, there exists eo > and for all 
e £ (0,e ) and all function v E C 2 '"^™- 1 ) satisfying 

||u|| C 2,o (s „-i ) < e , 

and 

/ v dvob = , 
there exists a unique constant vq = vo(e,p,v) £ M such that 
(46) Vol g (B g e(1+v) (p)) - Vol a (B e ) = e" Vol § (5 x ) 

where v :— vq + w. Let us define the dilated metric g = e~ 2 g. Instead of working on a domain 
depending on the function v = Vq + v, it will be more convenient to work on a fixed domain 

B x := {y S R" : | V | < 1}, 

endowed with a metric depending on the function v. This can be achieved by considering the 
parameterization of B 9 e{1+v) {p) = B 9 (1+v) (p) given by 



Y(y) :=Exp| 1 + v + X (v) [v 



where x is a cutoff function identically equal to when \y\ < 1/2 and identically equal to 1 when 

\y\ > 3/4. 

Hence (using the result of Proposition l3.ip the coordinates we consider from now on are y £ Bi 
and in these coordinates the metric g := Y*g can be written as 

g=(l+v ) 2 Li + Y2C ij d Vi dy^j , 

where the coefficients C y S C 1,a (i3 e ) are functions of y depending on e v = Vq + v and the first 
partial derivatives of v. Moreover, C*- 7 = when e = and v = 0. 

Observe that 

(e,v 0) v) i — ► C lj {e,v), 

are smooth maps. 
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Condition (|46p . when e is small enough and not zero, is equivalent to 
(47) Vol § (B 1 )= Vol^BO 

that makes sense also for e = 0. When e = and v = 0, the metric g = (1 + vq) 2 g is nothing but 
the Euclidean metric. We define 

N(e,v,v ) := Vol^) - Vol^ (&) 

Observe that N also depends on the choice of the point p £ M. 

We have 

2V(0,0,0) = 0. 

It should be clear that the mapping N is a smooth map from a neighborhood of (0,0,0) in 
[0, oo) x ClfiS 71 " 1 ) x K into a neighborhood of in R. 

We claim that the partial differential of N with respect to vq, computed at (0, 0, 0, 0), is given 

by 

d V0 N {0,0,0) =n VqIj(Bi) 
Indeed, this time we have g = (1 + vq) 2 g since v = and e = and hence 

JV(0, 0, «o) = ((1 + v Q ) n - 1) Vola(Bi) 

So we get 

d V0 N (0,0,0) =n Vol 4 (Si) 

The claim then follows at once. 

Hence the partial differential of N with respect to both ip and vq, computed at (0,0,0) is 
precisely invertible from R into R and the implicit function theorem ensures, for all (e, v) in 
a neighborhood of (0,0) in [0, oo) x C 2 ^ l a (S n ~ 1 ), the existence of a (unique) vq £ R such that 
iV(e, v, vq) = 0. The fact that vq depends smoothly on the parameter e and the function v is 
standard. 

Now that we have, for all < e < eo and all function v of mean 0, a function v = v(e,p,v) £ 

C 2,a( S n-l) such that 

Vo\- g (Bf +v ) = VoljCBi) 

it is easy to find a solution (^, A) to the problem (|44|) and to multiply it by a constant in order 
to verify the normalization condition. The fact that <fi and A depend smoothly on the parameter 
e and the function v is standard. 

□ 

We will denote the function <fi = <fi(e,p,v) found in the previous proof as <f> e ,v, without noting 
the dependence on the point p. The same for the eigenvalue : A = A ejS , and A = A e . B = e 2 A e . B . 
Let us denote 

4> = 4>e,v = Y*(j) e ^ 
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in a neighborhood of dB~!(p). Wc keep the same notation over all the following paragraphs : for 
a general / considered in a neighborhood of dBf (p) we will denote 

/ = Y*f 

We define the operator F : 

F{p,€,v) = g(V<f>,£>)\ d6 - — — ^— 7- ( v) dvol g , 

No\g\dB\) JdB x 

where v denotes the unit normal vector field to dB\ and (</>, vo) is the solution of (j44|) provided 
by the previous result. Recall that v = uo + v. Schaudcr's estimates imply that F is well defined 
from a neighborhood of M x (0,0) in M x [0, 00) x C^S"" 1 ) into C^" (S n_1 ). Our aim is to 
find (p, e, v) such that F(p, e, v) = 0. Observe that, with this condition, <fi will be the solution to 
the problem (jTTJ) . 



6. Some estimates 

We want now to give some estimates on F(p, e, 0). In other words we are considering the case 
when v = 0. We keep the notations of the proof of the previous result. If in addition w = 0, wc 
can estimate 

gij =5ij +0(e 2 ), 

hence 

N(e 1 0,Q) = O(e 2 ). 
The implicit function theorem immediately implies that the solution of 

N(e,0,v o ) = 

satisfies 

Me, p, 0)| <ce 2 

Let us consider the normal coordinates x around p. Using the result of Proposition 13.11 is 
possible to show that 

log|ff| - ^R u x k x l + ^R u , m x k x t x m + 0{\x\ A ) 

where 

n n 

Rki = ^ Rikit an d Rkt,m = ^ Rikil,m 
i=l i=l 

A straightforward calculation allows us to obtain the expansion of T p . Recall that 
A g := J2 9 ij <>, <>, + £ d * <>* ■ \ Y, 9 ij log Iff I <L 

ij i,j i,j 
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From the definition of the Green function T p we can obtain its expansion near p. For n > 5 we 

have 

(48) 

r p (a:) = \x\ 2 - n + 

( 2 - n R i k j £ i-„ 1 d j £ i ,2-n . Scal(p) - 6 Ap 4 \ 

+ I —^-Rikjex x x 3 x \x\ - —Rjtx? x \x\ + 12 ( 4 _ „) N 1 + 

n Rik i,t x { x k x j x e x l \x\~ n + R. k j£,- x k x j x e \x\ 2 ~ n + 



48 J ' 11 36 



+ 0(|x| 6 - n ). 
When n = 4 we have 

r p (x) = |a;| _2 + 

+ R im JJataS M~ 4 - ^Rjt *V \x\~ 2 + Scal ^~ 6 X ° hg ^ + 

(49) + ^ - ^ iZifc^,* xWreV K 4 + ^ iL^,. z W \x\- 2 + 

- 1 fl^i »W |x|- 2 + log |x| j + 

+ a' + 6 • a; + 0(\x\ a ), 

for all a < 2, where a, a' are constants and b G K n . In the above expressions we used the notation 

n 

R-kjl,- '■= J]] RikjiS 
i=l 

Observe that to find such an expression we used the fact that R(X, X) = 0, the symmetries of 
the curvature tensor for which if either i = k or j = £ then Rikji, m = 0, and the second Bianchi 
identity 

Rt i<i = /,> -'' - = 2 Sca1 .*- 

j o 

Remark that for n = 2 or n = 3 is not possible to give a precise expansion of the Green function 
near p using only the local part of the equation that defines T p . 
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The main result of this section is the : 



Proposition 6.1. In the CASE 1 (i.e. the case where (j)Q is not constant) there exists a constant 
c > such that, for all p G M and all e > small enough we have 



\F(p,e, 



< ce if n > 3 

< ce log e if n = 2 



Moreover there exists a constant C n depending only on n, such that for all a £ R™ the following 
estimates hold 



/, 



g(a,-)F(p,e,Q) dvol 5 - C n e<?(V0 o (p), 0(a)) < ce 2 || a || 
<?(a, •) F(p, e, 0) dvol 5 - C n e log e 5 (V^o(p), 0(a)) 



if n > 3 



< ce 2 loge||a|| if n = 2 



In the CASE 2 (i.e. the case where (f>o is a constant function) and for n > 4 there exists a 
constant c > such that, for all p 6 M and all e > small enough we have 

\\F(p,e,0)\\ e i, a <ce 2 if n>5 

||F(p,e,0)|| e i.«. <ce 2 loge if n = 4 

Moreover there exists a constant C n ( depending only on n ), such that for all a £ M. n the following 
estimates hold: 



s „-i 



g{a, •) F(p, e, 0) dvol § - C„ e 3 «?(V Scal(p), 9(a)) 



g(a, ■) F{p, e, 0) dvolg - C n e 3 log eg(V Scarfr), 9(a)) 



< ce 1 1 a 1 1 if ?i > 5 



<ce A \\a\\ if 



Proof : Let e be small enough, and v = 0. We know that tj = C(e 2 ), then from proposition 
4.21 it follows that for all e small enough there exists (A e , ip e , w e ) in a neighborhood of (0,0,0) in 
K x (^"(S" 1 " 1 ) x C 2 ' a (M \ B~!(p)) such that the first cigcnfunction of — A g over the complement 
of B^ 1+vo ^(p) with Dirichlet condition at dB^ 1+v ^(p) is given by 



,n-2 



if n > 3, and by 

e ,o = log(e (1 + w )) [0o - (loge (1 + Vo))' 1 (Mp) + A 6 ) r p + w e + x H Vttt ] 
if n = 2, where estimations given in propositions 14. 21 and 14.41 continue to hold because vq = 0(e 2 ). 
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From the expression of (j) e $ it follows that in the CASE 1 we have 



e,0 

■) — 

Sn-l Jgn. 



K^OsWcC^la^ dvob; = (l + 0(e)) / _ g(a, ■) -^-\ 9Bl dvolg 



for n > 3, and 



(1 + 0(6)) J^JM^BBr dvol^ + O^ 2 ) 

C„e 5 (V ( /)ob),e( a )) + 0(e 2 ) 



5(a,-)ff(V0 e .o,i>)| Oi 3 i dvolg = C 2 eloge 5 (V0 o (p),e(a)) + O(e 2 loge) 

s „-i 

for n = 2. Then all the estimates for the CASE 1 follow at once from this computation together 
with the fact that, when v = 0, the unit normal vector v about the boundary is given by 
(1 + vq) d r (1 + 0(e)) because the metric g near p is the euclidean metric multiplied by (1 + vq) 2 
and perturbed by some 0(e 2 ) terms. 

For the CASE 2 the situation is much more complex. We remark that if <po is constant, then 

g( a ,-)g(Vcl>o,i>)\ d Bi dvoLj=0. 

IS'— 1 

Let us compute now 

e n - 2 (l + v ) n ' 2 (Mp)+^) I g(a,-)g(Vf P ,v)\ dBl dvob, 
We remark that the previous term is equal to 



»^ dvob, 



S"- 1 



For this reason we will compute 



r by 

e n ~ 2 Mp) / $(•,«) V dvol 



dr 9 



Recall that 

fp(y) =r p (e(i + w )y) 

in a neighborhood of dBi, then from and (gSJ) (keeping in mind that v = 0(e 2 )) we obtain 
easily the expression of T p (y) in power of e. Observe that, in the expansion of r p , terms which 
contain an even number of coordinates, such as y l y-'y k y or y-'y etc. do not contribute to the 
result since, once derived with respect to r they continue to contain an even number of coordinates, 
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and multiplied then by g(y, a), their average over S n 1 is 0. Then, considering only terms which 
contain an odd number of coordinates wc have for n > 5: 



gn-1 



g(y, a) dvoig 



e 3 a a 



L-i v ° ' w\ ' w / '' ? "' -' yiykyjyiyt |yr + h Rkjt '- ykyJyt ly{2 ~ n 



0(6 4 ) 



e 3 (5 — n) a 



s „-i 



^ \^-77r R ^Lty l y K y 3 y l y 



3Scal t t 
1/ 



1 
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— %e,t yVy* dvolg 



C( e 4 ) 



We make use of the identities in the Appendix to conclude that there exists a costant C- 
such that 



(i) 



BY 

(50) e n ~ 2 Mp) /_ 3(y,a)^(y)=CW6 3 5 (VScal(p),8(a)) +0(e 4 ). 



where wc have 



C« = ^Vol,(5" 



1 



3(n + 2) 16(4 -n) 



4>o(p) 



Remark that when n = 5 such a constant is 0. For n = 4 we have 



,n-2 



g(y, a) dvol§ 



e 3 logea„ 



yT Q ( 3Scal 

y a ■ — ■ — — I h* log lyl ) dvoh 

S J \y\ 0y-\ 64 y 9 



0(e 3 



= ^Volg(5 3 )e 3 loge. 9 (V Scal(p), 9(a)) + 0(e 3 ) 

and then we set = Voh(S' 3 ). 

4 256 9V ' 

The last term we have to compute is 

g{a,-)g(^{w e +-£W),2>)laB 1 dvol^ 

S n-1 
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As before we have 



5„-i 



g(a,-)g{V(w e +iJ ¥ , e , e ),i>)| aj j i dvolg 



S n-1 



In the Proposition 14.21 we proved that in the CASE 2 

||^lb« ( , AM) <c(e 4 + 6^) V/3<4 



for n = 4 and 
for n > 5. Hence 
for n = 4 and 



lk e || c - (MVM) < C ( e 2 " l - 4 + e 1+n + e 4 ^) 
II W) e H^g^ <c(e A +» + eP) V/3<4 



IViZL 



for n > 5 (keep in mind that we are estimating the gradient of the dilated function w e ). Remember 
that v G (2 — n, 4 — n) because n > 4. It follows that we can choose f in order to have 

dw. 



gM-jrle^ dvoi^o^) 



with /3 = 4 for n > 5 and /3 = 3 for n = 4. Let us consider now H Vet€ . We do not know the 
expression of -ff Ve , e in a neighborhood of <95i, but we can know its value on dB\. From the 
equality (f> e = on <9£>i , using the the estimate on the function w £ , wc have that 



-h(p) + (l+v ) n - J (0o(p)+A 6 ) 



2-n 



1 



+ Scal(p)-6Ao ^ +£ 3 (^^ W , WW + i^,,Vy + 



12 (4 - ra) 
1 



24 



on <9£>i, for n > 5. For n = 4 



Rje,t y 3 y y* 



3 Seal t t 
64(4 - n) V 



e 2 loge 



+ 0(e 4 ). 



Scal(p) — 6A 
12 



+ 



0(e 3 ). 
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Let us define an harmonic extension of g(y, a) to R™ \ B\ : 

f AaG„ = in 1™ \ Bi 

(51) 

[ G a = g(y,a) on dB 1 

It is easy to check that 

G a (y) = \y\- n g(y,a) 

We observe that the functions G a and H Vt:<L , by Lemma [47TI converge to when \y\ — > +oo. Then 



S"- 1 



= (l-n) / H Ve ^g(y,a) dvolj 



Using the expansion of H Ve ^ e that we found with the identities in the Appendix, we conclude that 



(21 

there exists a constant Ci such that 
(52) 
where 



/ g(y,a)H V€ , e dvol^ = e 3 3 (v Scal(p), 6(a)) + 0(e 4 ). 

0o (p) 



Cf = ^Vol § (5"- 1 ) 



3( ?l + 2) 16(4 -n) 



for n > 5, and for n = 4 



(53) 
with 



g{y,a)H V€ , e dvob, = c| 2) e 3 log e <?(V Scal(p), 6(a)) + 0(e 3 ). 



Summarizing we conclude that in the CASE 2 

||^,O)|| C1 , Q =0(6 2 ) 

and there exists a constant C„ depending only on n, such that for all a £ M. n the following 
estimates hold : for n > 5 



ff(a, ■) F(p, e, 0) dvolg - C n e 3 fl (V Scal(p), 0(a)) 



where 



and for n = 4 



C„ = LJ!!vol a (5"- 1 ) 



1 



3(n + 2) 16(4-?i) 



<ce 4 || a | 



hip) 



S n-1 



g(a, ■) F(p, e, 0) dvolg - C 4 e 3 log e <?(V Scal(p), 9(a)) 



< ce 15 Hall 
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where 

3 

Remark that C n ^ for all n > 4. This completes the proof of the result . □ 



C4 = - I ^Vol 5 (5 3 )0o(p) 



7. Linearizing the operator F 

Our next task will be to understand the structure of Lq, the operator obtained by linearizing 
F with respect to v at e = and v = 0. We will see that this operator is a first order elliptic 
operator which does not depend on the point p. 

Let us define in R n \ {0} 

0ob) (1 - M 2 -' 1 ) if «>3 



(y) 



(54) 



<Ao (p) log |y| if n = 2 

For all v <E (^"(S'" -1 ) let tp be the (unique) bounded solution of 

A g -0 = in K" \ Si 

ip = —d r (f>i v on dBi 
By the Lemma |4~T1 \4>{y)\ — > when \y\ — > cx). We define 
(55) H{v) := (9 r + 9 r 2 0i v) \ a6i 

We will need the following result : 
Proposition 7.1. The operator 

is a seZ/ adjoint, first order elliptic operator. The kernel of H is given by V\, the eigenspace of 
— Agn-i associated to the eigenvalue n — 1. Moreover there exists c > suc/i i/iai 

||tw|| C 2,a( S »-l) < c||-ff(u;)|| C l,a( S »-l) , 

provided w is L 2 (S n ~ 1 )-orthogonal to Vq © Vi, where Vq is the eigenspace associated to constant 
functions. 

Proof : The fact that 7J is a first order elliptic operator is standard since it is the sum of the 
Dirichlct-to-Neumann operator for A g and a constant times the identity. In particular, elliptic 
estimates yield 

\\H(w)\\ e ^(s^) < c|Mlc 2 .°(s— i) 
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The fact that the operator H is (formally) self-adjoint is easy. Let ipi (resp. ip 2 ) the solution 
of (|54p corresponding to the function w\ (resp. w 2 ). We compute 

d r 4>x{l) I (H(wi) w 2 - wi H{w 2 )) dvolg = d r (j>i{\) I (d r ipi w 2 - d r ip 2 Wi) dvol g 

(tpx d r ip 2 - -02 9 r 0i) dvol^ 
= lim / A^ 2 - V^Ag Vi) dvolg 



R->oc 



— lim / _ (0i 9 r 2 — ip2 d r ipi) dvol 



.7 



Let us consider 

the eigcnfunction decomposition of w. Namely Wj G Vj. We can define ipj to be the bounded 
solution of 



(56) 



Ag ipj = in R" \ B x 

V'j = —d r <t>i Wj on <9-Bi 



i.e. 

J -(2/) = -|y| 2 - n -^ i (y/|2/|)9 r 1 |^ i 

Then 

#H = + 5 r</ , llas 1 W = \-{ 2 - n -3)9r4>l\ d B 1 + %<t>AdBi W 3 

3 3 

With this alternative formula for H, it is clear that H preserves the eigenspaces Vj and in 
particular, H maps into the space of functions whose mean over S*™ -1 is 0. Moreover, it is easy 
to see that V\ is the only kernel of the operator. In fact, 



and 

d r<t>l\ dBl = 



-(2 - n) <f> (p) if n > 3 
4>o(p) if n = 2 



C -(2-n)(l-n)0 o (p) if ™> 3 

I -0o(p) if n = 2 

and then H(wj) = if and only if j = 1. This completes the proof of the result. □ 

The main result of this section is the following : 

Proposition 7.2. The operator Lq is equal to H. 
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Proof : By definition, the operator Lq is the linear operator obtained by linearizing F with 
respect to v at e = and v = 0. In other words, we have 

T y F(p,0,sw)-F{p,0,0) 
Lq(w) = nm . 

s— >0 s 

It is easy to see that F(p, 0, 0) = 0. In fact, we saw that the first eigenfunction c o over 
M \ b ! [1+vo) (p) is given by 

<Pefi = ^o-e n - 2 (l + v Q ) n - 2 {Mp)+^c)r p + w e + X H^ e if n>3 

e ,o = log(e (1 + vq)) [0o - (log(e (1 + w ))) _1 (Mp) + A e) T p + w e + X H Vt . t ] if n = 2 

where v = v Q (p,e,0) = 0(e 2 ), for some (A e ,w e ,if e ) G R x C 2 ' a (M \ X C^OS"- 1 ), 

where the estimations of Proposition RTT1 hold because vq = 0(e 2 ). If we consider this expressions 
only in a neighborhood of dB 9 ^ 1+vo ^(jp) and the parameterization Y given in the proof of the 

Proposition 15.11 with coordinates y in a neighborhood of dB\ , it is easy to see that the function 
4>o = Y*(j)Q is equal to the constant function 0o = 4>a(p) when e = and then, by the expansion of 
the function T p and the estimations on (A e , w e ,tp € ), we have that when e = the function </> £i o(z/) 
is equal to <fii(y). In a neighborhood of dBi the metric g converge, for e = 0, to the euclidean 
metric, and from this it follows that F(p, 0,0) is the normal derivative of </>i at dB\ minus its 
euclidean mean, hence equal to 0. 

Our next step is to compute F(j>, 0, sw), and for this we have to study F(p, e, sw). Writing 
v — sw, we can consider a parameterization Y of -Bf e (p) given by the following expression : 



Y(y) := Exp^ 1 + xi{v) «o + sx 2 (y) ( w 



where g is the dilated metric eT 2 g, y belongs to the euclidean ball B^ of radius 2 centered at 0, 
Xi is a cutoff function identically equal to 1 when < \y\ < 4/3 and identically equal to when 
5/3 < |y| < 2, X2 is a cutoff function identically equal to 1 when 3/4 < \y\ < 4/3 and identically 
equal to when < \y\ < 1/2 and 5/3 < \y\ < 2, and vq = vo(p,e,sw). We set 

9 ■= Y*g. 

over B 2 . It is an extension of the metric g that we defined before on B-±. We remark that 
4> e := Y*(f> e is a solution on B 2 of 

4> efi + X e ,o 4>e,o = 

where A £i o = A e .o = e 2 A e .o- If we set <^ e ,o(y) = 0c,o( e y) i n a neighborhood of dB\, where x = ey 
are the normal coordinates near p that we defined in paragraph 3, we have 

(57) 4>e,o{v) = ^,o((l + vo + s w(y)) y) , 
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on dB\. Writing the first eigenfunction of — Ag on Bf +V (p) as (f> = </) e ,o + ip an d A = A e .o + t, we 
find that 



(58) 



(Ag + X^ip + TiP + T^o in M\B( +V (p) 

V' = -^e,o on dBf +v (p) 
where we can normalize as 



(59) / (0 e , o + 1/;) 2 dvolg = / ^odvolg 

JM\Bf +v (p) J M\Bf +vo (p) 

(the i>o in the second integral is evaluated at v = 0) and we have the condition on the volume of 
the domain 

(60) Vol§(.Bi) = Vol 5 (.Bi) 

Obviously ijj, t and vq are smooth functions of ,s. When ,s = 0, we have <j) = £i o, A = A £j o and 
vq = 0(e 2 ). Therefore, ip and r vanish when s = 0. We set 

ij = d s ip\ s=0 , t = <9 s t| s=0 , and Vq = d s v \ s =o, 
Differentiating (|58p with respect to s and evaluating the result at s = 0, we obtain 

(Ag + A^ + r^.o = in M \ Bf +Vo (p) 

4> = -g{V4>efi,v){i)Q+w) on dB{ + (p) 



(61) 



where is evaluated at s = 0. Observe that £i o on dBf +v (p) is equal to e .o ° n then the 
second equation of (fSTjl follows from (f57l) . 



Differentiating (|59|) with respect to s and evaluating the result at s = 0, we obtain that ?/> is 
i+t) ( 

^ = 4> e ,o + s^ + 0(s 2 ) 



L 2 -orthogonal to <^ e> o on Bf + (p). Hence 



where ip is the solution of ([61]) L 2 -orthogonal to </> £j o- Differentiating (|60|) with respect to s and 
evaluating the result at s — 0, we obtain 

(62) / (v + w) dvo\ g = 

Js"- 1 

where the metric g is evaluated at s = 0. Since the discrepancy between the metric g and the 
cuclidean metric g at dB\ can be estimated by a constant times e 2 when s = 0, and the euclidean 
average of «) is 0, we get that 

vo = 0(e 2 ) 

and then from the Taylor expansion of vq with respect to s we get 

v = 0(e 2 ) + 0{s 2 ) 
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Now, in -B4/3 \B\, we have 

4>( y ) = 4> t ,o((i + v (o) + sw(y/\y\))y) + sip(y) + o(s 2 ) 

= <M(! + «o(0)) I/) + s (g (V0 e ,o((l + «b(0)) y), (*o + «;(i//|v|)) 2/) + i>) + 0(s 2 ) 

where we denoted vo(p, e, 0) = uo| s =o = «o(0). To complete the proof of the result, it suffices to 
compute the normal derivative of the function <j) when the normal is computed with respect to 
the metric g. We use polar coordinates y = r z where r > and z G S*™ -1 . Then the metric g 
can be expanded in -B4/3 \ B3/4 as 

g = (1 + u + sw) 2 dr 2 + 2 s (1 + v + sw)rdwdr + r 2 (1 + u + sw) 2 A + s 2 r 2 did 2 + 0{e 2 ) 

where h is the metric on S*™ -1 induced by the Euclidean metric. It follows from this expression, 
together with the estimation of vo, that the unit normal vector field to dB\ for the metric g is 
given by 

v = ((1 + s + 0{s 2 )) 8 r + 0(s) 3 Zj + 0(e 2 ) 
where d z . are vector fields induced by a parameterization of S 1 ™ -1 . Using this, we conclude that 

(63) g(Vlv) = d r efi (y) + O(s)d Zj efi (y)+s (w d 2 4> efi {y) + d r ^j + 0(s 2 ) + 0(e 2 ) 

on dBi. When e = we have that 4> e ,o(y) = <Pi(y)- K follows that F(p, 0, sw), up to terms of the 
order 0(s 2 ), is given by the term 

minus its euclidean mean, where the limit is understood in the pointwize sens. We need the 
following result. 

Lemma 7.3. Evaluate vo at s = 0. Let v 6 (2 — n, 0) if n > 3 and v G (0, 1) if n = 2. Let 
be the function defined in the paragraph 4- For all e small enough there exist a constant f and 
{K e ,p e ,ri e ) in a neighborhood of (0,0,0) in R x C^f^" 1 ) x C 2 ' a (M \ Bf +VQ (p)) such that the 
function 

(64) i> = K e + X (if> + H v .)+V t 

defined in M\Bf +v (p), is the solution of 1(61]) L 2 -orthogonal to 4> e ,o, where \ is a cut-off function 
equal to 1 in B^ o ^ e (p) and equal to out of B^j^ijjp) and ip is defined by |5^[ ). Moreover the 
following estimations hold : 

\K e \ < c (e 2 + e"- 1 ) and H^IL-^-i) < c (e 2 + e"" 1 ) 
and WvA\cl^{M\Bl +VQ { P )) < c ( e2 + 
Proof. Let us choose ip in the form 

(65) V> = K + X (i/> + H v ) + n 
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for some (K, (p,r)) elx C'^ a (S n ~ 1 ) x C 2 ' a (M \ Bf +Vo (p)), where x 1S a cut-off function equal to 
1 in B Ro ,(p) and equal to out of B^ Rq ^(p). Then ip satisfy the first equation of if and 
only if : 

(Ag + K.o)^ = -iPAgX-X^-2V~ 3 ^x-H lp A s x-X^gH tp -2^ HvV a x 

(66) 

-A e ,o X H' + H v ) - A e .o K -t 4> tfi 

For n > 3 and v G (2 — n, 0), the operator 

(A, + A e , ) : C;;; ti iM \ Bf +Vo (p)) — C°i_\ ± (M \ Sf + „»), 

where the subscript _L is meant to point out that functions are L 2 -orthogonal to (p e ,o, and the 
subscript is meant to point out that functions satisfy the Dirichlet (CASE 1) or Neumann 
(CASE 2) condition on dM and the Dirichlet condition on dBf +v (p), is an isomorphism. For 
n = 2 and v G (0, 1) the same result holds for the operator 

(A, + A e , ) : P © Cl'XAM \ B{ +V0 (p)) — C°^ ± (M \ Bf +Vn (p)). 

where x is a cutoff function equal to 1 in a neighborhood of the origin. The proof of this facts 
has been given in paragraph 4. 

To semplify the notation let us define 



.4 




- 2 V§x - H v A- gX - 2 \79H V V»x 


B 


:= -xA g V 


- A e , X 0> + H v ) - x &- g H v - k,o K 


C 


:= -T<f>e,0 





Equation becomes 

(Ag + A £ , ) 7? = A + B + C 
By the last result, if we chose f in order to verify 

(67) / (A + B + C) </> e . = 

Jm\b[ +Vo (p) 

there exists a solution r, = r,(e, K, ip) G C^ (M \ B( +Vo (p)) (orPffl C*£ (M \ Bf +Vo (p)) if 
n = 2) to equation (|66p for all e small enough, for all constant AT and all function ip, and then 

ip = K + x(i> + H v> )+rf 

satisfy the first equation of (IFl]) . 

We want now to give some estimations on the function r\. By the previous results and Lemma 
14.11 we have the following estimations : 

• IHI C °- (M\Bl +vo{p) ) < (1 + ||V|U-(S»-1)) 

• ll S llc°'° 2 (M\sf +t , o ( P ) <« 2 (! + HvlU~(S — i)) 
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In particular we get that 

f < c ( e 2 + e ™-l) (1 + || V || £oo(Sn _ 1) ) 

and then 

\\A + B + C\\ e o,« 2(MXB?+vom <c (e 2 + e n ~ 1 ) (l + |M| L - C s»-i)) 

This give us an estimation on the function rj that we found before: 

IMb*(M\B? + „ o ( P )) < c (e 2 + e"" 1 ) (1 + ■ 

Summarizing, we have proved the following : For all ip £ C^ a (S' n_1 ) ! for all constant K, for all e 
small enough, there exists a function r](e, K, ip) £ C u '± (M\Bf +VQ (p)) such that (|65|) is a positive 
solution of the first equation of (|6lj) . Moreover there exists a positive constant c such that 

IMb*(M\B! + „ o (p)) < c (e 2 + e"- 1 ) (1 + HvjIU-^-i)) . 

Now we have to make attention to the second equation of (|6Tj) . Let us define 
Z(e, K, <p) := [K + X (y) (^(y) + H v (y)) + V (e, <p){y)] yeSn _, . 

We remark that Z, that represents the boundary value of the solution of the first of we 
found above, is well defined in a hcighborhood of (0, 0, 0) in (0, +oo) x R x C^ r f l (S n ~ 1 ) : and takes 
its values in C 2,a {S n ~ 1 ). It is easy to compute the differential of Z with respect to K and ip at 
(0,0,0) : 

(d ip Z(0,0,0))(K) = K. 
(d v Z(0,0,0))(<p) = <p. 

We can estimate Z(e, 0, 0) : 

\\Z(e, 0, 0) + drfa wWl^(s^) < c (e 2 + e"" 1 ) 

and then 

\\Z(e, 0, 0) + 5(V0 e , O) v) (v + uOH^^-i) < c (e 2 + e™" 1 ) 
The implicit function theorem applies to give the following : Let e be small enough; then there 
exist (K e , ip e ) in a neighborhood of (0,0) in R x C 2 i a (S n ~ 1 ) such that (p5|) is a positive solution 
of (pxTj) . Moreover the following estimations hold : 

|# e | < c (e 2 + e"" 1 ) and H^lli-^-i) < c (e 2 + e"" 1 ) 

Summarizing, we get the following existence result: for all e small enough there exist a constant 
f and (K e ,tp e ,r) e ) in a neighborhood of (0,0,0) in K x C^S" 1 " 1 ) x C 2 ' a (M \ B[ +Vo {p)) (or 
R x C^S"" 1 ) x p © C 2 - Q (M \ {p}) if n = 2) such that the function 

defined in M \ Bf + (p), is solution of (f6Tj) Moreover : 

\K e \ <c (e 2 + e"- 1 ) and ||v 6 || £ <»(s-i) < c (e 2 + e"" 1 ) 
and \\Ve\\ e ^(M\B! +vo (,p)) < c (e 2 + e" _1 ) 
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The last norm is over ^R© C 2 ' Q (M \ {p}) if n = 2. This completes the proof of the result. □ 
Using the previous lemma, we have that for e small enough 

d r ip 

for n > 3 and 



ur>i 



d r ip 



= ^U i+ 0(e) 



for n = 2, because the estimation of 7y e is given on the weighted Holder spaces. The statement 
of the Proposition 17.21 then follows at once from the fact that d r <f>\ is constant while the term 
wdr<j>i + d r ip has mean on the boundary dB\. This completes the proof of the proposition. □ 

Now we denote by L e the linearization of F with respect to v, computed at the point (p, e, 0). 
It is easy to check the : 

Lemma 7.4. There exists a constant c > such that, for all e > small enough we have the 
estimate 

\\(L t - L )v|| C i.c« < ce||v||c3.« in the CASE 1 and n > 3 

|| (L e - Lq) v\\ e i,o < ce loge ||ti|| C 2.c« in the CASE 1 and n = 2 
\\(L e - L )v|| c i.a < ce 2 ||v|| C 2.« in the CASE 2 and n > 5 

|| (i e - L )v||ci,a < ce 2 loge \\v\\ c ^ in the CASE 2 and n = 4 

Proof : Clearly both L e and Lq are first order differential operators. We already know the 
expression of Lo- We have 

y / — \ ,. F(p,e,sw) - F(p,e,0) 
Law) = hm . 

s^O s 

F(j>, e, s w) is given by (|63p minus its mean, in the metric g. F(jp, e, 0), up to terms of order C(e 2 ), 
is given by c*r<^e,o(y) a t minus its the mean, in the metric g evaluated at s = 0. The proof 
of the Lemma follows at once from Proposition 16.11 and Lemma 17.31 □ 

8. The proof of the main result 
We shall now prove that, for e > small enough, it is possible to solve the equation 

F(p,e,v) = 

Unfortunately, we will not be able to solve this equation at once. Instead, we first prove the : 

Proposition 8.1. There exists e > such that, for all e £ [0, eo] and for all p G M, there exists 
a unique function v = v{p, e) and a vector a = a{p, e) £ K" such that 

F(p,e,v)+g(a,-) = 
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The function v and the vector a depend smoothly on p and e and we have 

\a\ + ||u|| C 2,«( S n-i) < ce in the CASE 1 and n > 3 

\a\ + ||w||c2,n(5n-i) < ce loge in the CASE 1 and n = 2 

\a\ + ||w|| C 2,„( S „-i) < ce 2 in the CASE 2 and n > 5 

\a\ + ||u|| C 2,o(5„-i) < ce 2 loge in the CASE 2 and n = 4 

Proof : We fix p £ M and define 

F(p, e, u, a) := F(p, e, u) + g(a, •) 

It is easy to check that F is a smooth map from a neighborhood of (p, 0,0, 0) in M x [0, oo) x 
C^iS"- 1 ) x E" into a neighborhood of in C 1 ' a (5"^ 1 ). Moreover, 

F(p, 0,0,0) = 

and the differential of F with respect to v, computed at (p, 0,0,0) is given by H . Finally the image 
of the linear map a \ — ► g(a, •) is just the vector space V\. Thanks to the result of Proposition l7.1[ 
the implicit function theorem applies to get the existence of v and a, smoothly depending on p 
and e such that F (p, e, v, a) = 0. The estimates for v and a follow at once from Proposition 16. II 
This completes the proof of the result. □ 

In view of the result of the previous Proposition, it is enough to show that, provided that e 
is small enough, it is possible to choose the point p € M such that a(p, e) = 0. We claim that, 
there exists a constant C > (only depending on n) such that 

Q(a(p,e)) = -eCV 9 Mp) + 0{e 2 ) in the CASE 1 and n > 3 

6(o(p,e)) = -e logeC* V 9 o (p) + 0(e) in the CASE 1 and n = 2 

9(a(p, e)) = -e 3 C V 9 Scal(p) + 0(e 4 ) in the CASE 2 and n > 5 

0(o(p, e)) = -e 3 log e C V 9 Scal(p) + 0(e 3 ) in the CASE 2 and n = 4 

For all b € M. n we compute 

/ 9{a,-)g(b,-) dvolg 



s „-i 



g „-i 



F(p,e,v)g(b,-) dvol^ 
(F(p,e,0) + L S)3(6,-) dvol^ 
(F(p, e, «) - F(p, e, 0) - L £ t;) g(b, •) dvol^ 
(L £ - L )vg(b, ■) dvolj 
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Now, we use the fact that v is L 2 (S n ^-orthogonal to linear functions and hence so is Lqv. 
Therefore, 



L vg(b, •) dvol§ = 



Using the fact that 



we get 







V - 


= 0(e) 


in the CASE 1 and n > 3 










V - 


= 0(e loge) 


in the CASE 1 and n = 2 










V ■ 


= 0(e 2 ) 


in the CASE 2 and n > 5 










V - 


= 0(e 2 loge) 


in the CASE 2 and n = 4 






F(p,e, 


v) 


-F(p, 


e,0)-L e v = 


0(6 2 ) 


in the CASE 1 and 


/( 


> 3 


F(p,e, 


v) 


-F(p, 


e,0) - L t v = 


0(e 2 (loge) 2 ) 


in the CASE 1 and 


71 


= 2 


F(p,e, 


v) 


-F(p, 


e,0) - L t v = 


0(6 4 ) 


in the CASE 2 and 


)) 


> 5 


F(p,e, 


v) 


-F(p, 


e,0) - L t v = 


0(e 4 (loge) 2 ) 


in the CASE 2 and 


71 


= 4 



Similarly, it follows from the result of Proposition 17.41 that 

(L e -L )v = 0(e 2 ) in the CASE 1 and n > 3 

(L e -L )v = 0{e 2 (log e) 2 ) in the CASE 1 and n = 2 

(L e -L )v = 0(e 4 ) in the CASE 2 and n > 5 

(L t -L )v = C(e 4 (log e) 2 ) in the CASE 2 and n = 4 
The claim then follows from the estimates in Proposition 16.11 and the fact that 



S"-i 



{ Xl f dvol^i Vo^(5"- 1 )< 7 (e(a),e(6)). 



Now if we assume that po is a nondcgencratc critical point of the function 0o (CASE 1) or a 
nondcgencratc critical point of the scalar curvature function (CASE 2), we can apply once more 
the implicit function theorem to solve the equations 

G(e,p) := e- 1 6(a(p, e)) = in the CASE 1 and n > 3 

G{e,p) := (e loge)- 1 0(o(p, e)) = in the CASE 1 and n = 2 

G(e,p) := e~ 3 e(a(p,e)) = in the CASE 2 and n > 5 

G(e,p) := e~ 3 (loge)" 1 0(o(p, e)) = in the CASE 2 and n = 4 
It should be clear that G depends smoothly on e G [0, eo) and p S M. Moreover we have 

G(0,p) = -CV*<j>o(p) 
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in the CASE 1 and 

G(0, P ) = -(7 V 9 Scal(p) 

in the CASE 2. Hence, under the hypothesis on po of the main theorem, G(0, po) = in both cases. 
By assumption the differential of G with respect to p, computed at po is invertible. Therefore, 
for all e small enough there exists p t close to po such that 

e(o(p e ,e))=0 

In addition we have 

dist(p ,ft) < ce 
This completes the proof the Theorem 11.31 

9. Appendix 
We recall here some results demonstrated in [7] . 
Lemma 9.1. For all a — 1, ... , n, we have 

J Rikjl,m x 1 x j x k x e x m x a dvolg = 0. 

Lemma 9.2. For all a — 1, . . . , n, we have 

/ R.kj£,- x j x k x l x a dvolg = 0. 

Lemma 9.3. For all a = 1, . . . , n, we have 

V / Ru,mx l x i x m x° dvolg = 2 Vol^ff"- 1 ) Scal, CT 

Moreover we prove the 
Lemma 9.4. For all a = 1, . . . ,n, we have 

V / Scaltx*^ dvolg = - VoWS 1 "- 1 ) Seal,, 

Proof : Wc find that / Seal t x* x a dvolg = unless the indices t and a arc equal. Then 

Js"- 1 

V / Sc&ltx'x' 7 dvolg = ScaU / {x a ) 2 dvolg = ^ Volg^"" 1 ) Seal a 
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